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The concept of standing concentration waves is introduced to derive design equations
for continuous moving bed (CMB) processes. For linear isotherm systems, simple equa-
tions are derived from the analysis to link product purity and recovery to zone lengths,
bed movement velocity, flow rates, column capacity factors, and mass-transfer coeffi-
cients. Once product purity, recovery and feed flow rate are specified for a given system,
the zone flow rates and bed movement velocity that provide the highest throughput and
the lowest solvent consumption can be determined from the solutions. In a given sys-
tem, there is a trade-off between product purity and throughput. If bed volume and
product purities are fixed, the longer the zone lengths, the higher the throughput. Simu-
lations based on a linear driving force model that considers axial dispersion and lumped
film and intraparticle diffusion are used to compare the column profiles and effluent
histories of CMB and simulated moving bed (SMB). A numerical algorithm is intro-
duced to allow simulation of both CMB and SMB operations using the same program.
The comparison shows that the design equations derived for CMB systems are applica-
ble to SMB systems. Finally, the standing wave solutions are used to analyze an experi-
mental SMB system from the literature (Ching et al., 1991). Simulations agree closely

Standing Wave Analysis of SMB Chromatography:

with the data and the predictions of the theoretical analysis.

introduction

Since the successful commercialization of the UOP Molex
and Parex processes for hydrocarbon purification (Brough-
ton, 1968; Broughton et al., 1970), the number of applications
of simulated moving-bed (SMB) chromatography has been
growing steadily (Ganetsos and Barker, 1993). The use of
SMB for the separation of fructose from dextrose (Corbett
and Burke, 1996), resolution of enantiomers (Ching et al.,
1993), protein desalting (Hashimoto et al., 1988), production
of high-fructose syrup (Hashimoto et al., 1983), multicompo-
nent separation of sucrose, glucose, and fructose (Kishihara
et al., 1992), and many others have been reported in the liter-
ature (Adachi, 1994; Ruthven and Ching, 1989).

In these applications, the system configurations can be rep-
resented by the four-zone system shown in Figure 1a (Ruth-
ven and Ching, 1989). In such a system, the inlet and outlet
ports are periodically moved along the solvent flow direction
at a time-averaged linear velocity less than that of the sol-
vent. As in fixed-bed chromatography, separation occurs be-
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cause a low-affinity solute (solute 1) migrates along the direc-
tion of solvent flow faster than a high-affinity solute (solute
2) (Wankat, 1994). If the averaged feed port movement is
faster than that of the high-affinity solute and slower than
that of the low-affinity solute, the high-affinity solute moves
backward, while the low-affinity solute moves forward with
respect to the feed port. If the movement of the ports is syn-
chronized, solute migration in a SMB is similar to that in a
countercurrent operation, but without any physical move-
ment of the sorbent. SMB has the advantages of both the
fixed-bed and the moving-bed operations. It eliminates the
difficulty in moving the solid phase, and is flexible in the as-
sembly of different configurations according to specific appli-
cations while providing continuous operation (Ruthven and
Ching, 1989). SMB is capable of providing high-purity prod-
ucts, because mixed bands are circulated in the system (zones
IV to 1, in Figure 1b) and only completely resolved portions
of the two bands (zones II and III) are drawn out from the
product ports. Sorbent utilization, solvent consumption, and
mass-transfer rates can be maximized by appropriate designs
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Figure 1. (a) Four-zone SMB system; (b) standing waves
(thin lines, solute 1; thick lines, soilute 2).

of zone lengths, flow rates, and port switching time. For these
reasons, SMB is much more efficient than conventional batch
chromatography (Ruthven and Ching, 1989; Ganetsos and
Barker, 1993).

Although many applications of SMB chromatography have
been reported (Adachi, 1994; Ruthven and Ching, 1989), an
optimal design for a given separation remains difficult. Par-
ticularly, it is difficult to find the optimal flow rates and port
switching time when mass-transfer resistances are dominant.
The main reason is that there are many system and operating
parameters to be determined, and SMB performance is highly
sensitive to system configuration, operational parameters, and
the mass-transfer parameters. Computer simulation and
mathematical modeling have been proposed in the literature
to improve fundamental understanding of SMB systems. The
following two approaches are usually used: (1) continuous
moving bed (CMB) analysis (Rhee et al., 1971; Ruthven, 1983;
Ching and Ruthven, 1985; Hotier, 1996; Storti et al., 1993),
which assumes that the solid phase moves countercurrently
with respect to the desorbent flow; and (2) periodic moving
port analysis, which assumes that individual fixed beds are
connected with two input and two output ports with periodic
port movement along the flow direction (Hashimoto et al.,
1988; Charton et al., 1995; Chu and Hashim, 1995; Storti et
al., 1989). The former approach is advantageous because: (1)
analytical solutions can be derived and can provide signifi-
cant fundamental understanding of the CMB operations; (2)
the simulation algorithm is simple and easy to implement.
However, this approach can only give smooth concentration
effluent histories, which are far from the cyclic concentration
effluent histories in SMB systems (Chu and Hashim, 1995).
In the periodic moving-port approach, it is impossible to ob-
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tain closed-form analytical solutions, and numerical simula-
tions have to be used. However, it can be employed to simu-
late both CMB and SMB. Obviously, the periodic moving-port
approach is more realistic for SMB systems than the CMB
approach.

In either approach, both the lumped mass-transfer-rate
models (Ching and Ruthven, 1985; Ching et al., 1985; Storti
et al., 1995) and the staged models (Ulrich and Hsu, 1989;
Charton et al., 1995) have been used. Nevertheless, in all the
approaches, the flow rates and port-switching time have to be
derived from the equilibrium theory (which neglects the ef-
fects of axial dispersion and other mass-transfer resistances).
Since equilibrium theory cannot link product purities to zone
flow rates, zone lengths, and mass-transfer parameters, the
resulting design can only serve as an initial guess for further
refinement with iterative numerical simulations (Storti et al.,
1995). The McCabe-Thiele diagram (Ruthven and Ching,
1989) can be used to search for the conditions that guarantee
complete separation. However, such an approach is also based
on the assumption of equilibrium operations. Although zone
lengths can be determined from the height of an equivalent
theoretical plate (HETP) (Ruthven and Ching, 1989), prod-
uct purities cannot be determined a priori and have to be
found by repeated iteration. In both approaches, the search
of the zone flow rates, switching time, and the zone lengths
that guarantee the desired product purities requires trial and
error. For systems with large separation factors, it is rela-
tively easy to search for the conditions that give desired prod-
uct purities, because separations are easy to achieve. For sys-
tems that have small separation factors and require high
product purities as in pharmaceutical and biotechnology ap-
plications (Adachi, 1994), the literature methods are time-
consuming.

Ruthven (1983) has provided a steady-state solution to a
lumped linear-driving-force model for CMB systems with lin-
ear isotherms. The solution can be used to calculate product
purities. However, the solution is limited to systems with large
Peclet and Stanton numbers. Instead of steady-state concen-
trations at the feed position, bulk feed concentrations are
used in the solution and the steady-state concentrations at
the feed position can only approach the bulk feed concentra-
tions at very large Peclet and Stanton numbers under the
conditions for complete separations (Ruthven and Ching,
1989). Kubota et al. (1989) modified the solution from
Ruthven and included the unknown steady-state concentra-
tions at the feed position with mass balances between the
input and the output ports, but a numerical procedure has to
be employed to find the solutions. Recently, Zhong and
Guiochon (1996) have discussed analytical solutions for SMB
systems based on an ideal model that neglects axial disper-
sion and any other mass-transfer resistances. So far, solutions
that explicitly relate product purity and recovery to flow rates,
moving-bed velocities, zone lengths, column-capacity factors,
and mass-transfer parameters have not been reported.

In this study, a standing concentration wave concept is in-
troduced to derive the analytical solutions at steady state for
linear CMB systems. Explicit algebraic equations are derived
to link product purity and recovery to (1) axial dispersion and
other mass-transfer coefficients, (2) the four zone lengths, (3)
the linear velocities in the four zones, and (4) the bed move-
ment velocity. These velocities give the highest throughput
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and the lowest solvent consumption when product purity and
feed flow rate are specified for a given system. This approach
significantly shortens the search of an optimal design in a
space with ten design and operating parameters. This method
is also robust, simple, and easy to implement. In contrast, the
methods in the literature use an iterative search that would
require numerical simulations (Storti et al., 1995; Ruthven
and Ching, 1989), which are time-consuming for the develop-
ment of SMB technology for new applications. A numerical
algorithm is presented using the periodic moving-port ap-
proach for the simulation of both SMB and CMB systems.
Numerical simulations are performed (1) to validate the ana-
lytical solutions at steady state for CMB systems; and (2) to
compare the performance of SMB designs based on the ana-
lytical solutions for CMB to ensure that the standing wave
design criteria for CMB systems apply to SMB systems. Fi-
nally, the newly derived criteria are utilized to analyze an
experimental system from the literature (Ching et al., 1991).

Theory

In this section, the standing wave concept is first intro-
duced and followed by obtaining the steady-state solutions
for the following two types of CMB systems: (1) equilibrium
systems, in which axial dispersion and other mass-transfer ef-
fects are negligible; and (2) nonequilibrium systems, in which
both axial and mass transfer resistances are dominant.

Eguations for continuous moving bed (CMB) systems

Mass Balance for the Mobile Phase within a Zone. In CMB,
the sorbent phase moves countercurrently with respect to the
mobile phase. The transport equation for a solute in the mo-
bile phase in zone I can be derived for a stationary coordi-
nate system, as,

acy,;

DA ~) |

31_ bi

8%cy; dcy;
&Tz‘ - —(;;i - PKl(cpi—c), (D

where ¢,; and c¢¥ are the mobile and average pore phase
concentrations of the ith component, respectively; P is the
bed phase ratio, (1— €,)/€,; €, is the interstitial void frac-
tion; and #, is the interstitial linear mobile phase velocity
along the axial direction (x). The sorbent movement velocity
v is along the (— x) direction. The input and output ports
remain stationary in this coordinate system. Equations for
other zones are the same as Eq. 1 except that the values of
E,, K;, and u, are different. For a fixed-bed or SMB system
discussed later, the interstitial velocity relative to the sorbent
phase, u,, is the velocity that controls the propagation of
concentration waves relative to the sorbent phase. These two
velocities are related by u} =%} + ». To link CMB to SMB,
@} in Eq. 1 is replaced by u — v in the following analysis.

Mass Balance for the Pore Phase within a Zone. The fol-
lowing equation for the lumped mass-transfer model is pro-
posed for a CMB process. Similar equations for batch proc-
esses can be found in Santacesaria et al. (1982):
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where €, is the intraparticle void fraction. Equations 1 and 2
give the set of equations for CMB processes with lumped
mass-transfer resistance. Note that for linear systems at local
equilibrium, g = K;c}, where K, is the linear equilibrium
constant.

Mass Balance Equations for Systems without Mass-transfer
Resistances. When axial dispersion and mass-transfer resist-
ance are negligible, the following equation for systems with

linear isotherms can be derived from Egs. 1 and 2:
ocy,; acy,;
(1+ P8) —— +[u} —v(1+ P§)] — =0, (3a)
at ax

where

6[E€p+(1—fp)K,'- (3b)

The linear velocity of a concentration wave relative to the
feed port is,

Upi Bl — Vs (4)
where
Uy
“iT 1Y P, ®

Note that «,, can be positive, negative, or zero depending on
the relative movement of the sorbent and the solvent. Care-
ful examination of Eq. 4 reveals the following: (1) a concen-
tration wave can be a standing wave with respect to the feed
port if the flow rate satisfies the condition, u,; = 0; further-
more, (2) the equation implies that in a linear system N
species can be made stationary if N zones with N different
flow rates are used; and (3) u,,; is determined by two inde-
pendent linear velocities: the solid movement velocity, v, and
the solute movement velocity, u;, which can be determined
from an independent batch elution experiment (deRosset et
al., 1976).

The standing wave concept is general and an analysis based
on this concept can be extended to systems with nonlinear
isotherms (Ma et al,, 1997) and other configurations. This
study is focused on binary systems with linear isotherms and
the four-zone configuration, as shown in Figure 1a.

Design constraints on zone flows

Flow-rate Balance In Between Zones. In order to have con-
tinuous feed into a system in Figure 1a, the flow rates in the
four zones have to satisfy the following conditions:

Fl > F" (6)
FIl <FlII (7)
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FIII > FlV (8)
FWV<FL 9

Furthermore, in order to have separation, in addition to Eqs.
6 to 9, the migration velocities of the two solutes have to be
taken into account in determining the zone flow rates. The
following conditions for the velocities in each zone are known
from the literature (Wankat, 1994).

ul,— v <0 (10)
ull—v<0 (1D
ull—v>0 (12)
ul¥ —v >0, (13)

where u!, and u!Y are the linear velocities of component 2

in zones I and III, respectively. The same convention is used
for component 1 in zones II and IV. Equations 10 and 11
indicate that the migration velocity wave of the more re-
tained solute (component 2) should be less than v is zone I
and that of the less retained solute (component 1) should be
less than » in zone II. Equations 12 and 13 indicate that the
velocity of solute 2 should be greater than » in zone III and
that of solute 1 in zone IV, Equations 10 to 13 define all the
feasible linear velocities and the bed velocities needed to
guarantee separation. Note that Egs. 10 to 13 must be satisfied
in order to have separation for systems with or without mass-
transfer resistances.

Linear velocities achieving standing waves

Equilibrium Systems without Axial Dispersion and Mass-
transfer Resistances.. Equations 10 to 13 define an infinite
number of solute migration velocities and bed velocities that
guarantee separation. In practice, however, a specific set of
linear velocities is required. Note that if the adsorption wave
of solute 2 is standing still in zone I (see Figure 1b), that is,
u!, = v, separation occurs because the adsorption wave of so-
lute 1 travels faster than that of solute 2, passing the raffinate
port and entering zone II. Similarly, if the linear velocity is
chosen such that the desorption wave of solute 1 is standing
still in zone IV, that is, u}) = », the dsorption wave of solute
2 passes the extract port and enters zone III, because the
migration velocity of solute 2 is slower than that of solute 1.
If the linear velocities are chosen such that the adsorption
wave of solute 1 stands in zone II and the desorption wave of
solute 2 stands in zone III, that is, )} = » and u'¥ = v, the
two concentration waves are confined in their respective
zones, preventing them from crossing the desorbent port and
causing contamination of the products (note separations oc-
cur only in zones I and IV). To achieve the four standing
waves, the zone linear velocities should satisfy the following:

ub=01+ Ps,)v (14)
ull = (1+ P8,)v (15)
u' =1+ Ps,)v (16)
ulV=_Q0+ Ps,)v. an
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Notice that Eqgs. 14 to 17 correspond to the boundary values
defined in Eqgs. 10 to 13. Any other values that satisfy Eqs. 10
to 13 result in lower u} and u[! and higher ul"' and u{¥, and
in turn result in a lower feed flow rate and a higher solvent
flow rate for a fixed v. Therefore, Eqs. 14 to 17 define the
highest feed flow rate and lowest solvent flow rate for a given
system. In practice, the feed flow rate, F*4, is usually given.

As a result, the difference between u)) and ulY must satisfy,

Ffeed

~ub -, 18
be uO uO ( )

Notice there are now five equations (Eqgs. 14 to 18) for five
unknowns, uf, ull, ul, ulV, and v. For a fixed feed flow

rate, the bed movement velocity can be found as

Ffeed

S S 19
YT SPe,(5,— 5,) (19)

and then the four linear velocities can be determined from
Egs. 14 to 17.

Note Eq. 19 includes column parameters (bed porosity and
column cross-sectional area), switching time, and feed flow
rate, which are all the crucial parameters in a practical de-
sign. Because equilibrium is assumed, the preceding equa-
tions can only be applied to cases where the band-broadening
effects, which include extracolumn dispersion, intracolumn
axial dispersion, and other mass-transfer resistances, are neg-
ligible. Note also that u} = ul! and ull = ul¥. Therefore, Eqs.
14 to 19 give the same flow rates of feed, raffinate, extract,
and solvent. Also, if axial dispersion and other mass-transfer
effects are negligible, Egs. 14 to 17 give the optimal linear
velocities (largest feed and smallest desorbent flows) for a
given system. In this case, pure products at both output ports
can be obtained; any finite column or zone length will pro-
duce pure products because there is no dispersion and the
concentration waves are square waves with infinitely sharp
boundaries (Figure 1b).

Linear Velocities in Systems with Axial Dispersion and Mass-
Transfer Resistances. In a binary system without any mass-
transfer resistance (equilibrium systems), there are only four
different wave velocities (Figure 1b) and the four waves need
to be stationary for a complete separation (Egs. 14 and 17).
In contrast, in a system with significant mass-transfer resist-
ances (nonequilibrium systems), instead of the square waves
the band boundaries are spread. Equations 14 to 17 have to
be modified to take into account the mass-transfer effects.
Steady state solutions of Eqs. 1 and 2 can provide the con-
centration profiles, which in turn can be used to find the con-
ditions that lead to 'the standing waves and guarantee high
product purities. The steady-state analysis is advantageous
because (1) analytical solutions can be obtained; (2) in a lin-
ear system, the transient concentration profiles are continu-
ously increasing at all positions over time (see Figures 3a and
3b); the two product concentrations at the output ports in-
crease faster than those of the minor components, which are
maximum at the steady state. Therefore, the least pure prod-
ucts are obtained at the steady state. If a system is designed
with conditions derived from the steady-state solutions, any
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time before the steady state is reached, better product puri-
ties can be obtained.

In the following, the steady-state solutions are derived for
the concentration waves for solute 1 in zones II and IV and
for solute 2 in zones I and II. The solutions of the concen-
tration waves in zones I and IV are considered first because
(1) separations occur only in zone I and IV; and (2) solute 2
at the raffinate port and solute 1 at the extract port are the
minor components or impurities.

In a linear isotherm system with finite £, and K, the fol-
lowing steady-state equations for solute 2 in zone I can be
derived from Eqgs. 1 and 2 (see the Appendix):

dcy, Pv%%) d,,
ful —(1+ P8,)v] ——==|EL, + —— | —~, (20a)

0 200 dx 20 Kk | ax?
Cbz(oo) = 0, Cb2(0) =Cs2, (20b)

and similarly for solute 1 in zone I'V:

[ulV —(1+ Ps)) ] EY Prof) den (21a)
u + v + , a

bl K}Y dx2
Cbl( —) =0, Cbl(O) = Cy1- (21b)

Notice that Egs. 1 and 2 at steady state are combined into
one (Eq. 20 or 21) to simplify the solutions for the concentra-
tion waves. The feed port is located at x = 0. Note also that
Eq. 20 or 21 is different from what has been used in the
literature (Ruthven, 1983; Ching et al., 1985). The detailed
mathematical derivation of these two equations can be found
in the Appendix.

Instead of finite zone length boundary conditions (Ruth-
ven, 1983; Kubota et al., 1989), the infinite zone length
boundary conditions are used here, because (1) the analysis
and results are simple so that the physical insights in the CMB
system design are readily clear; and (2) in practice, high pu-
rity and recovery are desired; the operation conditions are
designed to achieve small impurity concentrations at both
raffinate and extract ports; that is, the concentrations of mi-
nor solutes at the two output ports should approach zero.
Therefore, such boundary conditions are good approxima-
tions, as confirmed by the simulation results introduced later.
By integrating Eqs. 20 and 21 with the specified boundary
conditions, the following equations can be derived:

Chol o= 1+ P8,)v — ul
b2lx=0 _ o 2 — 0,1 22)
ozl o=t gl Pv78;
htR
b fz
coil o —(1+ P8,)v
LIl —exp ——LV] @3
Cprlp= v v Pyeé;
Bt gy
5 n

Notice that if the linear velocities are determined from Eqgs.
14 to 18, the lefthand side terms of Egs. 20a and 21a vanish.
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These velocities will give linear concentration profiles at
steady state instead of the exponential profiles given in Eqgs.
22 and 23. Note that the linear concentration profiles are
special case solutions. These profiles are used to benchmark
the numerical algorithm and the simulation program de-
scribed later.

Equations 22 and 23 can be rearranged to give the follow-

ing:

. LB Pv
MVE(1+P62)V—MO=32 ?‘Fm (24)
EIV PV252
ulV=(1+Ps)v—ulV=- gV 2+ —L | (25)
1 LIV K}YLIV
where
Cpal o
Bgsln(—’?—-’—") (26)
Cp2 | eeps
Cpilym
—(_.__) @
Coplymopv

Note that 8 defines the ratio of the highest concentration to
the lowest concentration of the standing wave. For example,
B is the natural algorithm of the ratio of the concentration
at the feed port to that at the raffinate port for solute 2. The
higher the concentration ratios, the higher the product puri-
ties (from now on, for the sake of simplicity, 8 and product
purity are used interchangeably). Note also that the lefthand
side of Eqs. 24 and 25 correspond to the standing wave con-
ditions in Eqgs. 14 and 17. Equations 24 and 25 indicate that
the modification of the linear velocities and bed moving ve-
locity is related to axial dispersion and mass-transfer coeffi-
cients, zone lengths, and product purities. Similar results for
solute 1 in zone II and for solute 2 in zone II can de derived
to ensure that the concentrations of both solutes at the sol-
vent port are restricted to prevent cross contaminations. Now
the complete solutions of the linear velocities for the four
zones can be found from the following five equations, Eqgs. 28
to 32, if a feed flow rate is given, or Egs. 28 to 31 and Eq. 33,
if solvent flow rate is given

| Esa PV}
ul =+ Ps)v—ul=8; —Ij_+Kf'2L‘ (28)
Ef}  Pvi}

ull =1+ P8))v —ull = ! 29)

_—
LII K}llLll

EIII PV2522

IlI - (1 + P§ )V _ uIlI I - e (30)
2 2 Llll K}IZILIII
E,, PVZle2

ulV=1+Ps)v—up’=-BV | +—-—1| GBD
1 0 1 v K}}ILIV
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Ffeed

5 ub—ulY (32)

b

Fsolv

— =ub' - (33)
b

Note that the 8 values can be different from zone to zone.
Equations 28, 31 and 32 give the following relation between v
and the Ffeed,

PB;8;  PBY8}
T+t o | - P8, 8w
KLL' " KLY 2
Fest BiEL BPEN
+ s + I + I =0. (34)

Similarly, the relation of v to the solvent flow rate can be
expressed as

Pgls?  PBlUs?
K] L"+_K}§‘Lm v2+ P(8,— 8,)v
Fsolv BZIIE’}I2 IIHE 111
- €,S + I J20 =0. (35)

If product purity and recovery are specified for a given sys-
tem, there are five equations with five unknowns, indicating
that closed-form solutions can be found for the four linear
velocities and the bed movement velocity. Equations 28 to 32
define the standing-wave conditions when both E, and K,
are significant. Also, Eqs. 28 to 31 and 34 define the maxi-
mum linear velocities for zones I and II and the minimum
linear velocities for zones III and IV for a linear isotherm
system. Any lower linear velocities for zones I and II and
higher linear velocities for zones IIT and IV resuit in better
than specified product purity and recovery, but with lower
product concentrations. It is worth emphasizing that when
axial dispersion and mass-transfer resistance are significant,
the linear velocities and bed velocity calculated from Egs. 28
to 32 give the highest throughput and lowest solvent con-
sumption if the desired product purities (8! and g') and
the feed flow rate (F™d) are specified for a given system.

Before any detailed analysis of Egs. 28 to 35, the following
observations can be made: (1) for a fixed u, in each zone; B8
is proportional to the Peclet number; Pe= Luy/E,; and a
number similar to the Stanton number, St=K,L/v (v in-
stead of u, is the characteristic velocity); (2) lmear velocities
can be found by fixing cither the feed flow rate v or the
makeup solvent flow rate; (3) for a given feed flow rate, Egs.
28 to 35 give the minimum solvent (desorbent) flow rate, or
for a given solvent flow rate Egs. 28 to 35 give the maximum
feed flow rate that guarantees the specified 8 values.

When only axial dispersion is dominant and the other
mass-transfer resistances are negligible (K, — ), the follow-
ing are derived:

EbZ

ul=(1+ Poy)v —uh = Bl —F (36)
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ull=(1+Ps)v—ull =gt — 7 37
EIII
wl'=(1+ P8,y - ull=— gl Ja (38)
EIV
ulV =1+ Ps)v —ulV ;Vf‘;\‘,—. (39)
For a fixed feed flow rate, v can be derived as:
Ffeed I EIV
y= Eb ,32 + BNV — T /IP(8,— 81 (40)
and the solvent flow rate becomes
Fsolv lI g[z 1Il ;{I
s =P(8,— 8))v+——— L + i D

Equations 36 and 39 suggest a linear relation between u, and
v (Figure 2a). For a fixed feed flow rate, the smaller the
BE,/L, the smaller the » and u, (compare case (a) with case
(b) in Figure 2a). If either E, or B is increased or the zone

8-
w47
{cm/min)
0
E}
aq 1 Pyr
T T T T T T
0 4 8 12 16 20

v (cm/min)

20 (b)
15 u(')/
10 - /
ug | u(I)V
(cm/min)
04
/ v
-5
T T T T T T
0 4 8 12 16 20
v (cm/min)

Figure 2. Relations between the linear velocities in
zones | and IV (u}, ul’) and the bed move-
ment velocity (v).

Acxial dispersion controls: dashed lines for small BE,, /L [case
(a)]; solid lines for large BE, /L [case (b)]. For the same feed
flow rate, case (a) has a smaller » than case (b); (b) both E,
and K, dominant. For fixed E,, 8, L!, and LIv the maxi-
mum feed flow rate is indicated by the thin line.
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length is decreased, u, and » have to be increased (solid
lines vs. dashed lines). Therefore, virtually any value of 8 can
be realized as long as the linear velocities are unlimited. Of
course, in practice the linear velocities are limited by column
pressure drop.

In practice, when large particles are used, both K rand E,
can be dominant. Therefore, Eq. 34 has to be solved for the
bed velocity as follows:

, P la2 P v Ffeed BIEI IVEIV
Pla-1+[PXa-1)-4 Bf -+ f,‘ - +— 1“+B‘ s
KLL'  KNL €S L L
25 pgla? PR @
—__.+_
"WkLLY T KRLY

For systems with finite K and E,, Egs. 28 and 31 indicate
that u, is a nonlinear function of v (Figure 2b). For fixed
E,, K;, B, and zone lengths, there exists a maximum feed
flow rate (indicated by the thin line in Figure 2b). By con-
trast, Figure 2a shows that feed flow rate can be increased
while maintaining the specified purities as long as v and u,
are increased accordingly.

Note that «! >0, u! >0, u!" <0, and u!Y <0 are not ze-
ros, as in Egs. 14 to 17. This is because the linear velocities in
zones I and II have to be decreased to counterbalance the
solute movement due to axial dispersion in order to keep so-
lute 2 from reaching the raffinate port and solute 1 from
reaching the desorbent port. Similarly, the linear velocities in
zones 111 and IV have to be increased in order to prevent
solute 1 from reaching the extract port and solute 2 from
reaching the solvent port. The changes in the linear velocities
are related to the product purity and recovery, axial disper-
sion coefficient, and individual zone length.

According to Egs. 37 and 38, the linear velocity in zone 11
can be as low as zero and that in zone I can be as high as
the system allows. This implies that if solvent recycle is not
needed, zone II can be omitted, which results in the three-
zone design used in many studies (Ching et al., 1992; Barker
and Deeble, 1975).

Equations 28 to 31 also indicate that for fixed values of B8
and E,, when u, approaches zero, L approaches infinity or
E, approaches zero, implying that if the linear velocities from
Egs. 14 to 19 are used, either the zone lengths have to be
infinitely long or the system has to have negligible axial dis-
persion in order to achieve high purity and recovery at steady
state. This can be explained from another view point. At
steady state the solute concentrations at the output ports de-
pend on E, and K, and are limited by those in the feed (as
shown in Figures 3 to 7). If the zone lengths are finite and
the raffinate concentration of solute 1 is less than that of the
feed, the extract concentration of solute 1 has to be greater
than zero due to component mass balance. Thus, the extract
purity is limited. For similar reasons, the raffinate purity is
also limited. In general, the product purities are always lim-
ited if the flow rates and bed velocity are obtained from Egs.
14 to 19. In contrast, if Eqs. 28 to 31 are used, the linear
velocities are adjusted according to E,, Ky, L, and B such
that the concentration of solute 1 at the extract port and that
of solute 2 at the raffinate port can asymptotically approach
zero, resulting in high product purities.
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where a = 8,/8,. For a fixed feed flow rate, if zone linear
velocities are limited (usually because of limited column pres-
sure drop), so is v (Egs. 28 to 31). In order to have small v,
large 8, is needed. However, a system with large 8, takes a
long time to reach steady state.

In order to have a physically meaningful solution for », 8]
and BJV must satisfy the following condition:

6 J(a) Extract Feed

Raffinate
4 | Desorbent ‘

‘VC/
(% wiv) 5

0-

°/C/
(% wiv) 2

2 3 4 5 6
COLUMN NUMBER

440 Component 2
Extract
C
(% wiv) 2+
Component 1
0 h T
] T T T
0 1000 2000 3000 4000
« Component I
4
C Raffinate
(% wiv) 2 |
0 Component 2
T
0 1000 2000 3000 4000
TIME (min)

Figure 3. Simulation results for a CMB system.

The simulation parameters are listed in Table 4 except E,
=3.852 cm®*-min~! and K =50 min~'. (a) Column pro-
files for solute 2 at 167.32-min interval and 3,932.28 min for
the one with the highest concentration. (b) Column profiles
for solute 1. (c) Transient elution history at extract port. (d)
Transient elution history profiles at raffinate port. The col-
umn numbers are given in (b) to facilitate comparison with
corresponding SMB systems.
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Ffeed B IEI IVEIV
oS + 2le2+ 1wa1 =0. (43)

Note that the equality gives the largest B; and B, values for
a fixed feed flow rate or the largest feed flow rate for fixed B8
values. It is easily seen that when K, is finite, there is a
trade-off between the feed flow rate and the product puri-
ties. In other words, lowering feed flow results in higher
product purity and vice versa. In contrast, when only axial
dispersion is considered (Egs. 36 to 40) virtually any product
purity can be achieved by increasing the linear velocities (Fig-
ures 2a and 2b). Note also that the highest feed flow rate for
fixed B values or the highest product purities for a fixed feed
flow rate can be determined from the equality of Eq. 43.

When Bl =8;V=8, Kj,=Ki=K;, L'=L"=1L, and
El,=ElY=E,, Eq. 43 can be simplified and the maximum
feed flow rate per bed volume (or throughput) can be found
from the following :

a?+1

P(a~1Y~
(a—1)"—48 X,

+ 2
&SL L

( 2 ) 20. (44)

Note that SL is the total bed volume in zone I or IV. There-
fore, Eq. 44 indicates that if E, does not change significantly
with flow rate, for a fixed product purity and sorbent amount
in zones I and IV, the longer the zone length, the higher the
throughput. The practical implication is that as long as the
column pressure drop does not exceed the system limit, long
zones benefit system throughput. Also, the larger the selectiv-
ity a, the larger the throughput.

Because there is a trade-off between the feed flow rate
and the product purity, the maximum B achievable for a sys-
tem can be found for the following condition: Ffed =0,

PK, L2 (1 2a )
F=\ =g, a?t1)

In practice, the feed flow rate has to be as high as possible in
order to maximize throughput. Thus, Eq. 43 or 44 has to be
used for the determination of the product purity and recov-
ery. Note, however, that the significance of Eq. 45a lies in its
usefulness as a measure of the highest purity that can be achieved
in a given system. Note also that large L or large o results in
high B values.

The lumped mass-transfer coefficient K, can be related to
the intraparticle diffusion coefficient, Dp, and the film mass-
transfer coefficient, kf (explained in the next section):

- lPl 22 R LR (45b)
BS_ZV?\/E_,,( _1+a2) Sépr+k_/ '

Keep in mind that S is directly related to the product purity
and recovery. The larger the B value, the higher the product

(45a)
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purity and recovery. Equations 45a and 45b show a linear
proportionality of the zone length to the 8 value. In practice,
the gain of the purity and recovery by increasing zone length
may not be as optimistic as shown in Eq. 45a or 45b. In-
creases in zone length usually result in increases in column
numbers. Consequently, extracolumn dispersion can become
significant and result in decreases in product purity and re-
covery. Equation 45b also shows that decreasing particle size
is effective in increasing product purity. However, this is lim-
ited by the column pressure drop in a given system.

In summary, when the axial dispersion and the lumped
mass-transfer resistance are negligible, Egs. 14 to 17 and 19
define the maximum flow rates for zones I and II and mini-
mum flow rates for zones III and IV that guarantee separa-
tion for a given feed flow rate. When both the axial disper-
sion and the mass-transfer resistance are dominant, the zone
flow rates given in Egs. 14 to 17 and 19 have to be modified.
The flow rates in zones I and II have to be decreased and
those in zones III and IV have to be increased to keep solute
2 from reaching the raffinate port and solute 1 from reaching
the extract port. For a given system with a fixed feed flow
rate, Eqs. 28 to 31 and 42 give the maximum flow rates for
zones I and II and minimum flow rates for zones IIl and IV
that guarantee separation with the specified purities. Note
that for a given system with specified purities Eq. 43 gives the
maximum feed flow rate for a fixed configuration. Most im-
portantly, Eq. 43 indicates that for a specific system, the
higher the feed flow rate, the lower the product purity and
recovery and vice versa. For a fixed amount of sorbent Eq. 44
gives the highest feed flow rate that a system can operate; the
longer the zone, the higher the system throughput. Equation
45 gives the highest product purity and recovery a system can
achieve at zero feed flow rate. Furthermore, the higher the
selectivity, the higher the throughput per bed volume, and
the higher the product purity. In systems where only axial
dispersion dominates, high product purity and recovery can
be achieved by high zone and bed velocities (Figure 2a).
However, when both E, and K ¢ are dominant, the linear
velocities are limited for a given purity and recovery (Figure
2b).

Lumped mass-transfer model for numerical simulation

In the following analysis, numerical simulations are used to
test the simple and basic solutions obtained for CMB sys-
tems. A lumped mass-transfer model is employed here for
simplicity, fast implementation, and fast simulation. The sim-
ulation results are used to validate the assumptions made in
deriving the analytical solutions for CMB systems and further
to investigate the applicability of these solutions to the design
of SMB systems.

Mass Balance Equations for an Individual Column in SMB.
The following mass balance equations are proposed for the
individual columns within a zone in SMB (Figure 1a). For the
mobile phase,

9cp | IChi 3%c,;
—= —=E} — PK}(cp;—c¥).  (46)
gt 0Ty b ax? fixme
For the pore phase,
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e ’+(1—e;)-37‘=1<},.(c,,i—c;=), i=1,2,..., N,

arn
47

where N is the number of components. The boundary condi-
tions for an individual column are

1

acy; Ug
WF(;:EZ[CM_%(XJ)] (48a)
dcy,;
—_— =0 (48b)
dx jx=L

where c, is the bulk phase concentration; ¢} is the average
pore phase concentration; and ¢; is the solid phase concen-
tration; c;(x,¢) is the time-dependent output concentration
from the mixer located in front of the jth column, u(‘, is the
interstitial linear velocity; E}; is the axial diffusion coefficient
for the ith component in zone I; and K }i is the lumped mass
transfer coefficient, which can be found through the follow-
ing analysis. In this study zero volume mixing is assumed in
between columns within a zone. For cases with nonzero vol-
ume mixing (i.e., the volume of the connection tubing is taken
into account) the conditions by Ramkrishna and Amundson
(1974) should be used.

Correlation for Lumped Mass-Transfer Coefficient. For a
linear isotherm, the solutions of the first- and the second-
order central moment for a pulse input in a fixed bed can be
derived as follows (Van Deemter et al., 1956; Ma and Guio-
chon, 1991):

220, | 2 (14 Py il 7 (49)
=2t | = A+ P§) + — |+ -=,
I P PR |12
where 1, is the injection time and
LC
ty=—. (50)
Ug

The second-order central moment for a more detailed rate
model with intraparticle diffusion can be found as (Kubin,
1965; Schneider and Smith, 1968; Ma et al., 1996)

R? R

E,(1+Ps)’
15¢,D, = 3k;

ul !

2
3

1
(s1)

2

012 = tO

Therefore, by equating the second-order central moments
from the lumped model! to that of the detailed rate model,
the following relation between the lumped mass-transfer co-
efficient and the film mass transfer and intraparticle diffu-
sion coefficients can be derived:

1 R? R
= +—. (52)
K, 15¢,D, 3k,
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A similar relation can be found in Glueckauf (1955) and San-
tacesaria et al. (1982). Equation 52 can be used to estimate
the lumped mass-transfer coefficient K, from the pore diffu-
sion coefficient, D,; film mass-transfer coefficient, ky; parti-
cle size, R; and particle porosity, €, The values of E,, D,,
and k, can be obtained either from systematic fixed bed ex-
periments or from correlations in the literature, The pore
diffusion and film mass-transfer coefficients, for example, can
be estimated from the Mackie—Meares correlation (1955) and
the Wilson and Geankoplis correlation (1966), respectively.
The axial dispersion coefficient can be estimated from the
Chung and Wen correlation (1968).

Numerical Algorithm for SMB Systems

The SMB system shown in Figure 1a consists of four zones
with {m!, m", m"™, m'} number of columns described by
Eqgs. 46 to 48. Each zone is operated at its own flow rate.
Under the assumption of zero volume mixing in between
columns, the ¢, in Eq. 48a for each zone takes the following
values,

in between zones I and IV,

ei(LY ) =[FNe(LY,0)+ Fdc .| F1,  (53a)
zones I and II,
ci(LY ,0)=c(LL 1), (53b)
zones II and III
cp (L, 8) = Flle(LM 1) /F™, (53c)
zones III and IV
ci( LY, 0) = (L', 1). (53d)

At the time of port switching, the columns located upstream
are shifted downstream into the adjacent zone for all four
zones. This operation can be characterized as below:

e (x0) = cpi(x + jL 1), t=nt, (54a)
bi b O, _
* 1 = nt
*(x,1) = c¥(x+jL.,1), t=nt, (54b)
0, t=0
40 = q{x+jL_1), t=nt, (54¢)
) ’ O’ = Y
i=1,2,...,N
j=1,2,...,{m", m", m"", m'V}
n=1,2,...,0,

where n is the number of switches; ¢t = L /v is the time be-
tween switching; and L_ is the column length. Furthermore,
when the column length is infinitesimally small (approaching
the element width for numerical solution) the preceding algo-
rithm can be used to simulate CMB systems. This is how the
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computer program is coded so that both SMB and CMB sim-
ulations can be performed by one program and the results
can be compared. Note that the algorithm presented here is
entirely different from directly solving Egs. 1 and 2 numeri-
cally. The latter approach is limited to CMB only and cannot
generate the resuits for SMB systems; in SMB the steady-state
effluent concentrations are cyclic, whereas in CMB the
steady-state effluent concentrations are constants.

Method of numerical simulation

Any numerical-simulation algorithm introduces errors in
the solution. The accuracy of a simulation algorithm is cru-
cial to the studies of diffusion-controlled processes (Ma et
al., 1996), because the errors introduced by some simulation
algorithms can have dispersion effects on the concentration
waves that are not due to physical processes but due to nu-
merical dispersion (Lin et al., 1989). Therefore, higher than
second-order accuracy is required for any numerical-simula-
tion algorithm. The method of orthogonal collocation on fi-
nite elements (OCFE) is proven to have such accuracy (Ma
and Guiochon, 1991; Finlayson, 1980; Yu and Wang, 1989)
and is used in this study.

In solving Eqs. 46 to 48 under the constraints of Egs. 53 to
54, the individual columns are divided into thin elements; on
each element orthogonal polynomials are used for each com-
ponent to interpolate the concentration profiles; in between
two adjacent elements, the continuity condition,

ICpi
ax

dcy,;

X = AX(jy1y ax

x = Ax;

is enforced (Finlayson, 1980). In SMB mode, the boundary
conditions, Eqs. 48a and 48b, are enforced in between each
column in addition to the preceding concentration flux conti-
nuity condition in between columns where there is no input
or output port. In CMB mode, the boundary conditions, Egs.
48a and 48b, are only enforced at the input and output port
positions. Convergence of the solutions is tested by increas-
ing the element number and decreasing the integration time
until no differences between solutions from different runs are
observable and the mass balances are satisfied. In this study,
individual component mass balance is within 1%, that is, the
difference between the output rate and the input rate of a
solute is within 1%. The most difficult run (4,000 min in sim-
ulated experimental run time) requires 26 h CPU time on an
HP 715/100 workstation with 128 MB of memory. Accuracy
in component mass balance can be improved to better than
1%. However, a much longer CPU time is required.

Results and Discussion

First, the second-order central moments of elution peaks
are used to benchmark simulation results from fixed-bed op-
erations. The simulated steady-state concentration profiles of
CMB systems are then compared with the theoretical profiles
for systems operated under zone flow and bed velocities (1)
derived without considering axial dispersion and mass-trans-
fer effects; (2) derived with finite-axial and mass-transfer co-
efficients. Also, simulation results from CMB systems are
compared with those from SMB systems under the conditions
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that the flow rates are the same in both systems and the bed
movement velocity (») in CMB is equal to the time-averaged
port movement velocity in SMB, L _/t,. The two key points of
this study are the following: (1) for SMB with a large number
of columns, despite the periodic movement of the concentra-
tion waves in SMB, the average raffinate and extract product
concentrations within one cycle approach those of CMB; (2)
the conditions that can achieve standing waves in CMB can
be applied to design SMB systems as long as » in a CMB
system is equal to L_/t, in a SMB system. These are checked
with detailed SMB simulations below. Finally, simulations are
compared with experimental data from the literature (Ching
et al,, 1991).

Benchmark of simulations using second-order moment and
limiting case solutions

Two steps are taken to check the program coding and to
benchmark the simulation results: (1) moment analysis is used
to check the accuracy of the simulation in fixed-bed mode;
(2) simulation results are compared with those predicted from
theoretical analysis for CMB systems; specifically, the linear
concentration profiles predicted from the theoretical analysis
of Egs. 20 and 21. The first step is to ensure the accuracy of
the simulation code used in this study for CMB and SMB
systems; the OCFE numerical method for each column (Egs.
46 to 48) in fixed-bed operation mode has been benchmarked
previously (Ma and Guiochon, 1991). The second step is to
check if the simulation algorithm proposed for SMB systems
gives results that approach those of CMB systems when the
number of columns increases.

Table 1 shows the benchmark of the second-order central
moments in fixed-bed mode. Good agreements are obtained
between those from the theoretical calculations and those
from the effluent concentrations at the raffinate port. Similar
results (not shown here) are obtained for effluent concentra-
tions at the extract port. This indicates that the program is
working properly if port switching is not activated. If the bed
moves as it should in CMB systems, there are no solutions
similar to those of the moment analysis. But at steady state
when u, is zero, the linear concentration profiles predicted
from the analysis of Egs. 20 to 23 over a large range of E,
and K, can be used to check whether the simulations give
the expected linear profiles. In the figures presented in the
next section, the simulation results obtained with different
values of E;, K £ and L show that indeed the standing waves
are straight lines as predicted from the theoretical analysis.
The results in these figures also show that the numerical al-
gorithm (Egs. 46, 47 and 53 to 54) for SMB does indeed give
simulation results that approach those of CMB (Egs. 1 and 2)
as the number of subdivisions in each zone increases.

Simulation results using the flow rates obtained from
equilibrium analysis

In this section, the effects of axial dispersion, mass-transfer
resistance, and zone length on steady-state concentration
profiles are studied for systems designed according to the
equilibrium analysis (Egs. 14 to 18). The simulation parame-
ters are similar to those in the literature (Ching et al., 1991).

Effect of Axial Dispersion in CMB Systems.  Figure 3a shows
the transient concentration profiles for the more retained
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Table 1. System and Numerical Parameters Used in Simulation Program Benchmark in Fixed-bed Mode

System F Length (cm)
Parameters 5.80 95
Feed Cry (% w/v) Cr
Concentrations 20.0
Simulation Ax (cm)
Parameters 2.375
Component E, (cm®-min~1!)
1 3.8515
2 3.8515
ai
Egs. 49 and 50 37114
Simulation 3.7314
Component Ej (cm?-min~ 1)
1 3.8515
2 3.8515
ol
Eqgs. 49 and 50 12,2353
Simulation 12.2867

€ € ID (cm) R (um)
0.45 0. 1.40 11
2 (% w/v) Pulse t, (min)
20.0 Time 0.001
Colloc. No. At (min)
3 0.001*
K, (min~1) Equilibrium: X
50 0.12
50 0.38
0',% trl trZ
4.5004 19.1122 20.9150
45246 19.1639 20.9716
K (min~ D] Equilibrium: K
1 0.12
1 0.38
O',% trl trZ
17.4411 19.1122 20.9150
17.5116 19.1690 20.9767

*All the combinations of 0.001 or 0.01 as integration time and 20 or 40 as element number give the same results. Note in this study, the units are: minute

for time, centimeter for length, and millimeter for volume.

component at every 167.32 min, starting at 83.92 min, with
the last one at 3,932.28 min. Figure 3b shows the same results
as in Figure 3a for the less retained component. The elution
history profiles at the extract port are shown in Figure 3c,
and those at the raffinate port in Figure 3d. They still show
slight increases at 4,000 min and the standing concentration
waves are nearly straight lines, indicating that the system is
approaching steady state (Figures 3c and 3d).

Figure 4 shows the comparison of simulation results with
K, =50 and two E, values, 1.2224 (thin line) and 3.852 (thick
line). The concentration profiles are significantly different
with these E, values, indicating that axial dispersion is im-
portant in this system. Note that the standing waves for the

_ﬁ;i‘ﬁnate

Feed

B Extract
Desorbent

C
(% wiv)

2

0 1 2 3 4 5 6 1 8
COLUMN NUMBER

Figure 4. Effects of E, on the steady-state concentra-
tion profiles in a CMB system (run time, 4,000
min).

The parameters are listed in Table 4, except the following:
thick lines, E,=3.852 cm?-min~!, K, =50 min~'; thin

lines, E, =1.222 cm?-min~*, K; =50 min~',
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run with E, =1.2224 are not as straight as those with E, =
3.852. In this case, both runs ended at 4,000 min; the differ-
ence between the profiles indicates that steady states have
not yet been reached for the system with smaller E,.

Effect of Lumped Mass Transfer in CMB Systems. In Fig-
ure 5, the thick lines were obtained with E, = 3.852 and K,
= 50, whereas the thin lines were obtained with E, being
kept the same but K being reduced from 50 to 10. Although
the differences between the concentration profiles are small,
the product purities of both raffinate and extract are im-
proved when K, is increased (Table 2). Figure 6 compares
the effects of K, at a smaller E, than that in Figure 5. K,
changes from 10 (thick lines) to 1 (thin lines). There are sig-
nificant differences in the concentrations profiles, indicating
that both E, and K, are important. The standing waves are
still straight lines, indicating the concentration profiles are
approaching steady state.

Table 2. Simulation Results from Equilibrium Analysis

Vol. 43, No. 10

Col. No. E, K, Purity(R) Purity (E)
CMB(4-4-4-4) 80-80-80-80* 3.852 10 97.599%  93.545%
CMB(3-3-3-3) 60-60-60-60 3.852 10 96.780%  91.855%
CMB(2-2-2-2) 40-40-40-40 3.852 10 95.027% 88.171%
CMB 40-40-40-40 3852 S50 96.249%  89.187%
CMB 40-40-40-40  3.852 150 96.460%  89.379%
CMB 40-40-40-40 1222 50 98.045%  96.281%
CMB 40-40-40-40  1.222 1 77.428%  80.243%
SMB 3-3-3-3%* 3.852 10 88.855%  88.409%
SMB 2-2-2-2 3852 10 85.678%  85.958%
SMB 2-2-2-2 3852 50 87.263%  87.181%
SMB 2-2-2-2 3852 150 87.525%  87.388%
SMB 2-2-2-2 1222 50 94258%  95.511%
SMB 2-2-2-2 1.222 1 73344%  79.312%

*The number of elements in Zone I to IV.

**The division number here equals the number of columns in Zone I to
IV. Each column is divided into 20 elements. For a 4,000-min run of
the 2-2-2-2 configuration, CPU time is about 13 h on HP 715/100
workstations. All the flow rates and other simulation conditions are
the same as in Table 4 except the E, and K values.

AIChE Journal



6 q Extract Feed Raffinate
Desorbent
i
4
C
(% wiv)
2
0-
] | T T T T T T T
0 1 2 3 4 5 6 7 8
COLUMN NUMBER

Figure 5. Effects of K, on the steady-state concentra-
tion profiles in a CMB system (run time, 4,000
min).

The parameters are listed in Table 4, except: thick lines, E,
=3.852 cm?-min ", K;=50 min~!; thin lines, E, = 3.852

em?-min~!, K;=10 min~".

Effect of Zone Length in CMB Systems.  Figure 7 shows the
effect of zone length on the steady-state concentration pro-
files. The axis is labeled with the number of columns for the
convenience of reference to the experimental system intro-
duced later. Again the standing waves are approaching
straight lines in all three cases with different zone lengths.
The slopes of the concentration profiles change with chang-
ing zone length. The ratios of the concentrations at the feed
port to that at the raffinate port for solute 1 and to that at
the extract port for solute 2 are similar for all three different
zone lengths. The three simulations differ largely in the tran-
sient times. It takes a long time for a system with long zones

6—5 o Extract Feed Raffinate

Desorbent

C
(% wiv)

T T 1 T T T

3 4 5
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Figure 6. Effects of K; on the steady-state concentra-
tion profiles in a CMB system (run time, 4,000
min).

The parameters are listed in Table 4, except: thick lines, E,
=1.222 cm?-min~!, K;=50 min~'; thin lines, E,=1.222

cm?-min~ !, K;=1min"".
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Figure 7. Effects of zone length on the steady-state
concentration profiles in a CMB system.

The parameters are listed in Table 4, except: E, = 1.222 cm?
‘min~!, K, =10 min~!; (a) zone length, 95 cm (40 ele-
ments); (b) zone length, 142.5 cm (60 elements); (c) zone
length, 190 cm (80 elements).

to reach steady state. This is why the standing waves are not
quite straight lines in Figure 7c, even though the run time is
three times that in Figure 7b.

Note from Eqgs. 28 to 31, decreasing E, has a similar effect
as increasing zone length, that is, when E, is small, a system
needs more time for the standing waves to become straight
lines than one with a larger E,, as shown in Figure 4. This is
because the development of the standing wave of the minor-
ity species in systems with small E, is slow compared to that
in systems with large E,. Similarly, systems with a large K,
have a longer transient time.

Comparison of CMB with SMB Systems. Figures 8-10
compare the simulation results of CMB systems with those of
SMB systems with different combinations of E, and K, val-
ues. Note that concentration profiles in SMB are not station-
ary within a cycle (in bétween port switching). Here the SMB
profiles at midcycles are compared with those of CMB. One
can see that the steady-state concentration profiles from CMB
systems are significantly different from those obtained from
SMB systems. Especially, when E, is large, the concentration
waves are straight lines in CMB systems, whereas in SMB
systems significant deviation from straight lines are observed.
However, such differences diminish when E, is small, or K .
is large, or the number columns is increased (Hadajat et al.,
1986). Furthermore, if the design is based on finite E, and
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Figure 8. Steady-state concentration profiles: CMB vs.
SMB systems (run time, 4,000 min).

The parameters are listed in Table 4 except E, = 3.852 cm?-
min~!, K;=10 min~"; thin lines, CMB; thick lines, SMB.

K analysis, the differences become much smaller and the
product purities become much closer, as will be shown next.

Simulation results using flow rates derived from
nonequilibrium analysis (finite E, and K

In this section, systems with different E,, K, and L are
simulated. The operational parameters are derived from Egs.
28 to 31 and 42. The purpose is to see the performances of a
system operated under the parameters derived from Egs. 28
to 31 and 42.

CMB Systems with Different E,. Figure 11 compares the
simulation results for CMB systems with two different axial
dispersion coefficients (thick lines: E, =1.222, thin lines: E,
=3.852). In order to achieve the same product purity, flow
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Figure 9. Steady-state concentration profiles: CMB vs.
SMB systems (run time, 4,000 min).

The parameters are listed in Table 4 except E,, = 1.222 cm?2-
min~!, K ;=50 min~!; thin lines, CMB; thick lines, SMB.
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Figure 10. Comparison of the steady-state concentra-
tion profiles from CMB and SMB systems
(run time, 4,000 min).

The parameters are listed in Table 4 except E, = 3.852
cm?-min~!, Kf =50 min~!; thin lines, CMB; thick lines,
SMB.

rates and bed velocities are chosen according to £, K, and
zone lengths (Egs. 28 to 31 and 42); they are different for
these two cases, as listed in the figure captions. The values of
B, and B, are the same and equal to 4.6052, respectively.
The corresponding concentration ratio is 100, as listed in
Table 3. One can easily see that the shape of the concentra-
tion profiles in Figure 11 are similar, except the solute con-
centrations at the feed-port position for the thick lines are
lower than those of the thin lines. This is because the flow
rates for the thick lines are larger than those for the thin
lines as a result of the larger E, value (Eqgs. 28 to 31). Note
that all four 8 values from the simulation profiles are close
to the given values within simulation accuracy. Note also that
the purity of the extract is not the same as that of the raffi-
nate, because concentration profiles for the two solutes are
not identical. The same B value results in different concen-
trations at the output ports, thus different product purities.

Table 3. Simulation Results with Finite E, and K,
B = B, = 4.6052*

Col. No. E, K, Purity(R) Purity (E)
CMB(3-3-3-3) 60-60-60-60 3.852 10 99.772%  99.844%
CMB(2-2-2-2) 40-40-40-40 3.852 10 99.463% 99.852%
CMB 40-40-40-40 1.222 10 99.539% 99.923%
CMB 40-40-40-40 1222 50 99.896% 99.876%
CMB 60-60-60-60 1.222 50 99.955% 99.936%
SMB 2222 3852 10 98028%  99.586%
SMB 2222 1222 10 98433%  99.742%
SMB 2222 1222 50 99.129%  99.616%
SMB 1-1-1-1* 1222 50 93.810% 96.371%
SMB 1-1-1-1** 3852 10 92579% 96.966%
SMB 2-2-2-2 3852 50 98.782%  99.144%
SMB 3-3-3-3 3.852 10 98.959% 99.568%
SMB 3-3-3-3 3.852 50 99.059% 99.076%

*;The concentration ratio defined in Eqs. 26 and 27 is 100.
The column length is twice that of other runs, and 40 elements are
used for each column. The same convention as in Table 2 is used here.

AIChE Journal



5_ Extract Feed Raffinate

: Desorbent

4

3- E
C ‘ :
(% W/V) i
2 5
1 f
0 ~ X
I T T T T T T T T
0 3 4 5 7 8
COLUMN NUMBER

Figure 11. Effects of E, on the steady-state concentra-
tion profiles in a CMB system (run time, 4,000
min).

Equations 28 to 31 and 42 are used to calculate the flow
rates and the bed moving velocity. The parameters are
listed in Table 4 except thin lines, E, =1.222 cm?-min !,
K,=10 min~!, »=6.5010 cm-min~!, F'=8.1776 mL-
min~!, F' = 7.4656 mL-min~!, F™" =8.39867 mL-min !,
FV=77058 mL-min~'; thick lines, E, =3.852 cm?:
min~!, K, =10 min~!, » = 9.5851 em-min "', F'=11.931
mL-min~!, FT=10.877 mL-min~!, F'=12.487 mL-
min~!, FIV=11.492 mL-min~".

CMB Systems with Different K. The effects of K on the
concentration profiles, shown in Figure 12, are similar to
those observed in Figure 11. The purities are listed in Table
3. Notice that the product purities for the profiles in the thick
lines and the thin lines are similar (Table 3), whereas the
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Figure 12. Effects of K, on the steady-state concentra-
tion profiles in a CMB system (run time, 4,000
min).

Equations 28 to 31 and 42 are used to calculate the flow
rates and the bed moving velocity. The parameters are
listed in Table 4 except thin lines, the same as thin lines in
Figure 11; thick lines, E, =1.222 cmZ-min~l, Kf =50
min~!, » = 5.4302 cm-min !, F1 =6.8813 mL+-min~!, F
=6.2871 mL-min~!, F" =6.9825 mL-min~!, FIV=
6.3852 mL-min 1.
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Figure 13. Effects of zone length on the steady-state
concentration profiles in a CMB system (run
time, 4,000 min).

Equations 28 to 31 and 42 are used to calculate the flow
rates and the bed moving velocity. The parameters are
listed in Table 4 except E,=1.222 cm?-min~", K;=50

min~1; (a) the same as the thick lines in Figure 12; (b)

zone length: 142.5 cm (60 elements), v = 5.1215 cm -min "~ ,

F'=6.5056 mL-min~!, F!1=59443 mL-min"}, F!=
6.5717 mL-min "}, FIV=6.0079 mL-min "',

purities in Figures 5a and 5b are largely different (Table 2).
This indicates that when the mass-transfer effects are consid-
ered in the nonequilibrium design, the effect of zone subdivi-
sion is reduced.

CMB Systems with Different Zone Lengths. Figure 13 shows
the concentration profiles obtained at different zone lengths.
Note that the flow rates for Figure 13a are different from
those for Figure 13b. Despite the difference in flow rates, the
B values obtained from the simulations are close to those
used in the analytical solutions within simulation accuracy.
The product purities are slightly different (Table 3) because
the concentration profiles are different. In contrast, the
product purities in the equilibrium design in Figures 9a, 9b
and 9c are significantly different (Table 2). Again this is be-
cause the effect of subdivision is reduced in the nonequilib-
rium design.

Comparison of Simulations of CMB and SMB Systems.  Fig-
ure 14 compares the midcycle SMB profiles with CMB pro-
files. The differences in concentration profiles in Figure 14
are not as great as in Figure 8. The purities obtained with
CMB simulations significantly differ from those with SMB
simulations, as in Table 2, but such differences are much
smaller in Table 3 than in Table 2. Keep in mind that a CMB
system corresponds to an SMB system with an infinite num-
ber of columns. The large contrast in purities between Tables
2 and 3 shows that the number of divisions does not have a
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Figure 14. Simulations for CMB and SMB systems (run
time, 4,000 min).

Equations 28 to 31 and 42 are used to calculate the flow
rates and the bed moving velocity. The parameters are
listed in Table 4, except: E, = 3.852 cm?-min~!, K, =10
min ~!; thick lines: t, = 4.9556 min, flow rates same as those
for the thick lines in Figure 11; thin lines: the same as thick
lines in Figure 11.

strong effect on the product purities in systems operated with
flow rates and bed velocity obtained from the nonequilibrium
design (Egs. 28 to 31 and 42), whereas the effects of zone
subdivisions are significant if the flow rates and bed velocity
are determined from the equilibrium design (Egs. 14 to 17
and 19). The practical implication is that as few as four
columns in an SMB system can be used to obtain high-purity
products if high-efficiency columns are used and the flow rates
and port switching time are properly determined. In Table 3,
the comparison of product purities between systems with eight
and four columns and the same zone length shows that eight
column divisions is sufficient for high-purity requirement.
With four columns the purities can be higher than those
shown in Table 3 if a B value larger than 4.6052 is used in
deriving the zone flow rates and the bed velocity. However,
more diluted products result, because feed flow rate is de-
creased and the solvent flow rate is increased.

Comparison of SMB simulation with experimental data
Jrom the literature

In this section, a linear isotherm system for fructose and
raffinose separation (Ching et al., 1991) is studied. Because
the model in this study is different from that in the original
report, the original parameters have to be converted to val-
ues suitable for this study. The two models differ in the
isotherm parameter definition and the lumped mass-transfer
coefficients. In the original report, the adsorbed solute con-
centrations used in defining the isotherm and mass-transfer
parameters were based on per-particle volume, whereas those
used in this study are based on per-solid volume within sor-
bent particles. The equilibrium capacity from the particle vol-
ume basis, gp> can be related to that from the solid volume
basis, ¢,, by the following equation:

qu,,=qs(1—ep)V;,+cspr, (55)
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where €, is the intraparticle void fraction and V,, is the parti-
cle volume. Equation 55 basically states that to get the ad-
sorbed concentration based on the solid volume, g, the
amount in the particle void has to be explicitly accounted for.

For the lumped mass-transfer coefficients, we have,

Kp(q;q - CI; ) = Kp{EpCb +(1 - Ep)ch
—le,c* +(1-€,)Kc* ]}

=K e, +(1—¢,)K(c, —c*),

where g,% = Kc, are the concentrations when the bulk phase
and the pore phase are in equilibrium and g = Kc* are the
actual concentrations when the two phases are not in equilib-
rium. Therefore, the lumped mass transfer coefficient (K f)
in this study is related to that (K ) in the original report by
the following equation:

K;=K,le,+(1-¢,)K]. (56)

Note that Eqs. 55 and 56 apply only to linear isotherm sys-
tems.

Figure 15 compares the simulation results from the SMB
simulation and the experimental data (experimental run 2)
from Ching et al. (1991). The lines are the concentrations
averaged over the cycle time, r,. The concentration profiles
are sampled at midcycle time. The simulation parameters de-
rived here and listed in Table 4 are the same as those in the
original study except the particle porosity, the isotherm pa-
rameters, and the lumped mass transfer parameters, which
are converted from the original values using Egs. 55 and 56.
We see that the column profiles and the effluent concentra-
tion histories are well predicted.

Comparison Berween CMB and SMB. Both column con-
centration profiles and the effluent history concentrations at
the output ports at steady state and the transient state are
important in comparing the performances of SMB and CMB
processes to justify the applicability of conditions derived for
CMB and SMB. Figure 16 shows such comparisons of CMB
and SMB simulations for the same system as in Figure 15.
The SMB effluent concentrations averaged over one port
switching cycle, rather than the concentrations at the midcy-
cle time in between two consecutive port switching cycles
(Hotier, 1996), are compared with those from the CMB simu-
lation. The simulated SMB concentration profiles, on the
other hand, were obtained at the midcycle time as in Ching
et al. (1985).

In Figure 16, there are small differences between CMB and
SMB in the transient concentration effluent histories of ma-
jor components at the output ports. However, the differences
of the effluent concentration histories of the minor compo-
nents at the output ports are large. This is because the solute
concentrations at the solvent port position are higher in SMB
than in CMB. They pass the solvent port and cause the con-
tamination of the output concentrations with the minor com-
ponents.

More simulations (not shown here) were conducted to in-
vestigate the transition from SMB to CMB mode. When the
column number increases, the concentration effluent histo-
ries become smoother and less cyclic. The average effluent
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Figure 15. SMB simulation and experimental data from
literature (Ching et al., 1991),

The simulation parameters are listed in Table 4. (a) Col-
umn profiles for fructose at 83.6 min (square), 250.8 min
(star), 501.6 min (delta), 752.4 min (circle). (b) Column
profiles for raffinose at 83.6 min (square), 250.8 min (star),
501.6 min (delta), 752.4 min (circle). Symbols are experi-
mental data points; lines are simulation results. (¢) Tran-
sient elution history at extract port. Symbols are experi-
mental data points for fructose. The lines are the time-
averaged concentrations over a switching cycle. (d) Tran-
sient elution history profiles at raffinate port. Same figure
convention as that in (c).

concentration histories in SMB approach those in CMB. The
differences in product purities between CMB and SMB be-
come insignificant when the number of columns in SMB is
sufficiently large (eight for this particular system) and the ax-
ial dispersion and mass-transfer effects are taken into ac-
count in determining the flow rates and port switching time.

Comparison Between Egquilibrium and Nonequilibrium De-
signs. Notice that the operation conditions listed in Table 4
and in the original article are the same as those from the
Egs. 14 to 19. In order to compare the performances with
operation conditions from the equilibrium analysis with those
from the nonequilibrium analysis, simulations using the con-
ditions from Egs. 28 to 31 and 42 with B8 =3.6889 for the
four zones are conducted. The concentration profiles and the
effluent histories (not shown here) are similar to those in Fig-
ure 15. The product purities are improved as follows, raffi-
nate: from 92.167% to 95.436%; extract: from 80.774% to
98.914%. Note that to achieve higher product purities the
feed flow rate has to be reduced from 0.5 mL-min~! to 0.122
mL-min~!, as required by Eq. 43. The solvent flow rate is
increased from 0.5 mL-min~?! to 1.211 mL-min~!. The ex-
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Table 4. System and Numerical Parameters Used in
Simulation of Fructose-Raffinose Separation

Zonel Zonell Zone Il Zone IV
E} (cm?/min) 3.852 3.808 3.852 3.808
K, (1/min) 26676  2.6676 2.6676 2.6676
K 12 (1/min) 46644 46644 - 4.6644 4.6644
L'(cm) 95 95 95 95
F(mL-min™!') 58 5.3 5.8 53
Single R(pm) L (cm) ¢, € ID (cm)
Column 11 475 045 050 1.40
Equilibrium KF* ¥*
Constants 0.12 0.38
Feed Ci (% wy/v) Crr (% w/v)
Concentrations 5.0 5.0
Colloc. At Switching
Simulation Ax{(cm) No. (min)  Time (min)
Parameters 2375 3 0.05 10.45
Source: Ching et al. (1991).
*Ey = 0.46 X up.
**The unit of the solid-phase concentration is per solid volume of station-
ary phase.

tract and raffinate flow rates are 0.547 mL+min~' and 0.786
mL-min~!, respectively. The reduction in feed flow and the
increase in solvent flow result in the decreases in the product
concentrations. Note that the maximum B at zero feed flow
rate (Eq. 45a) is 5.9775, a fairly low value. In order to have a
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Figure 16. CMB (thick lines) and SMB (thin lines) simu-
lations with experimental data (symbols) {the
same figure convention and simulation pa-
rameters are used as in Figure 15).

Vol. 43, No. 10 2503



reasonable throughput, that is, a finite feed flow rate, the
desired B has to be much smaller than 5.9775.

To further improve product purities and throughput, longer
zone lengths, smaller E,, and larger K, values are needed.
For this particular system, increasing the column length may
not be feasible with existing equipment, since the column is
already long (45 1.4 cm) and there are eight such columns
in the system. Besides, relatively small particles are used (22
pm in diameter). Note that the apparent E, values esti-
mated from the experimental data (Ching et al.,, 1991) are
about 3.8 cm?+min~!. This apparent axial dispersion coeffi-
cient lumps the effects of both extracolumn dispersion and
intracolumn axial dispersion. It is nearly 100 times larger than
the E, estimated using the Chung and Wen (1968) correla-
tion for intracolumn dispersion. Therefore, extracolumn dis-
persions due to the void space in tubings and valves are con-
trolling in this system, as noted in the original article. De-
creasing extracolumn dispersion, if possible, can significantly
increase throughput and product purities.

From Egs. 28 to 31 and 42, another improvement that can
be made using the given equipment is a new configuration,
one column in zones II and IIT and three columns in zones I
and IV (1-3-3-1). The maximum B is now 8.9663 for zones I
and IV. Figure 17 shows the simulation results. In the simula-
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Figure 17. Concentration profiles and effluent histories
for the improved design: zone |, 1 column;
zone I, 3 columns; zone lll, 3 columns; zone
IV, 1 column (1-3-3-1).

Product purities are: extract 94.36%; raffinate: 98.97%.
The same figure convention as in Figure 15 is used. Simu-
lation parameters are the same as in Table 4, except: ¢, =
6.7228 min, F'=88413 mL-min"!, F"=7.4537 mL.
min~!, F1'=9.4499 mL -min~!, FI¥=8.5079 mL-min~"
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tion, all the B values are kept the same as 3.6889. As ex-
pected from Eq. 44, the feed flow is now 0.333 mL-min !,
which is much higher than 0.122 mL-min~! in the previous
configuration (2-2-2-2). The solvent flow rate is increased
from 1.211 mL-min~" to 1.996 mL-min~!. This is because
the bed lengths in zones I and III are decreased, causing the
increase in the zone flow rates, as expected from Egs. 29 and
30. Note that the solvent to feed flow rate ratio is actually
lower than in the previous configuration. The feed flow rate
in this new configuration is lower than the feed flow rate in
the original study, 0.5 mL-min~!, If feed flow rate higher
than 0.5 mL-min~! and product purities higher than 95%
are desired, longer zone lengths will be needed. In this case,
the equipment has to be redesigned in order to achieve both
higher throughput and higher product purities.

Conclusions

Design equations are derived from the standing wave anal-
ysis of CMB systems with linear isotherms. The equations ex-
plicitly link product purity to port switching time, flow rates,
and zone and column lengths for systems with or without
mass-transfer effects. Optimal interstitial and bed velocities
can be found from these equations. If flow rates from the
equilibrium analysis are used in a system with significant
mass-transfer resistances, low product purity can result.
However, for a fixed feed flow rate in a given system, the
equilibrium design gives the lowest solvent consumption and
the highest product concentrations. To achieve both high pu-
rity and high throughput, equations from the analysis with
finite E, and K, have to be used for the determination of
the flow rates and bed moving velocity. If axial dispersion is
dominant, high product purity and high throughput can be
achieved using high zone flow rates and a high bed velocity.
If both axial disperison and film mass transfer and intraparti-
cle diffusion are dominant, there exists a maximum product
purity that a given system can achieve. There is a trade-off
between the feed flow rate and the product purities; the
higher the feed flow rate, the lower the product purities, and
vice versa. There is also a trade-off between zone lengths and
the feed flow rate for a fixed total bed volume; the longer the
zone lengths, the higher the feed flow rate for given product
purities. The larger the selectivity, the higher the throughput,
and the higher the product purities. Large column-capacity
factors result in low bed velocities, but a long transient time.

A numerical algorithm for the simulation of both SMB and
CMB operations using a fixed-bed model is proposed. Simu-
lation results are benchmarked with those predicted from
theory. Comparison of CMB with SMB shows that port
switching time and flow rates from standing wave analysis for
CMB systems can be readily applied to SMB systems to
achieve similar performances. When the flow rates and bed
velocity are derived from the equilibrium analysis, the num-
ber of subdivisions in each zone strongly affect the product
purity and recovery. However, when the flow rates and bed
velocity are derived from the solutions that take into account
axial dispersion and mass-transfer effects, the product puri-
ties of SMB are similar to those obtained from CMB, be-
cause the effects of subdivision are reduced.

Finally, the method developed here is used to analyze the
separation of raffinose and fructose (Ching et al., 1991). Sim-
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ulation results are in close agreement with the original exper-
imental data. Both equilibrium analysis and nonequilibrium
analysis are used to derive the flow rates and port switching
time. The nonequilibrium analysis suggests that the same
equipment configured differently and operated at different
flow rates and switching times can achieve higher product
purities or higher throughput.
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Notation

F =volumetric flow rate

L =zone length
L, =column inlet position
L _ =column outlet position

S = column cross-section area

¢y =bed initial concentration

¢y =feed bulk concentration

¢, =steady-state concentration

m =column number
q° =adsorbate concentration at equilibrium based on solid vol-

ume
¢t =time

=retention time of a nonadsorbing solute
=injection time
=net interstitial linear velocity with respect to the feed port
o =interstitial linear velocity, Eq. 1

x = position inside the bed
Ax =elment width

a =relative retention factor

8 =retention factor, Eq. 3b

o =second-order central moment

fo
tp
uU
u

Superscripts and Subscripts

ext = extract port
raf = raffinate port
solv = solvent port
i =index
J =index
s =solute movement or steady state
t =time variant
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Appendix: Derivation of Steady-State Equation with
Finite E, and K,

When steady state is reached, the following can be derived
from Eqgs. 1 and 2:

d’cy, Cpi
Ebi ‘uz (uo V)—+PKfi(Cbi_cl ) (Al)
dc¥
v, i Ky —cf). (A2)
Differentiation of both sides of Eq. A2 gives:
d*ct dc,; dc!
i (A3
Multiplying both sides of Eq. A3 by v§,, gives,
2 dzc;k dcb,- dc,*
(Vai) —de=—Kfi(V5i?—ViE“). (A4)
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Rearranging Eq. A4 gives:

(v8,)* dc* dcy,; dc¥

i

e = v, —-.
K, e a

(A5)

Eliminating the second term of the righhand side of Eq. Al
by substituting Eqs. A2 and AS into Al, one has the follow-

ing:

d’cy; dey,  (v8)° d*}
EbiF+(v—u0) e +P Kfi P

s 2P _0. (a6
+ Pus, —= = 0.
v ; dx

Note at the steady state, the mass-transfer rates, PK[c,(x)
— ¢¥(x)), depend only on the difference of the local concen-
trations. The following is assumed to simplify Eq. A6:

d%,; d’c¥
o = prea (A7)
Therefore, Eq. A6 becomes
d’cy; dey,

Pvs?
Ep +—— ey +[(1+ P8)v — ug] = = 0. (A8)

K

i

This is the steady-state equation for the system described in
Eqgs. 1 and 2.

In order to check the validity of Eq. A7, a second-order
equation for Ac,=c,; —cF is derived. At the steady state,
the following can be obtained from Egs. Al and A2:

2
Chi

d dcy,
V5,-Eb,~ ? = v6,-(u0 -v) 7{‘ + VﬁipKﬁ(Cbi - C:k) (A9)

d’c} d(cy; — c})

Eyv; PR Ey Ky m (A10)

From Egs. A2, A9, and A10, a second-order equation for Ac;
is derived as follows:

4(Ac)) d(Ac)
_'—zz[Eb,'Kﬁ"'(uo_V)fsiV] x

dx
+ Ku[(1+ P8)v —ugl(Ac). (AlD)

v8,Ey,;
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The solution of Eq. A1l has the following form:
(A12)

Ac; =We™* +W,e™,

where W, and W, are to be determined from the boundary
conditions. The eigenvalues (r,,r_) can be derived as below:

Equation A18 simplifies Eq. A13 to Eq. Al5. One can see
that Eq. A1l can be approximated by Eq. Al7 if the condi-
tion in Eq. A16 is satisfied. Note this approximation is equiv-
alent to

d*(Ac)
——=0, (A19)

which is the condition in Eq. A7.

EyiK i+ (g — v)8,0 £y 1EyKpi + (g — ) 8,0 P+ 408, E, K [(1+ P8)v = ug)]

T 208,E,,

Note Ac, should be finite even when x is large; therefore, W,
should be zero in order to have a physically meaningful solu-
tion. Equation A12 becomes

Ac;=W,e ™. (A14)

The solution r_ from Eq. Al13 can be approximated by the
following:

Kl + P8)v — u,]
EpiKpi+(ug—v)8v

r_= (A15)

4v8,Ep K5[(1+ P3)v — uy]

(A16)
[EpiKp; +(ug— v)80 ]

< 1.

Equation A15 corresponds to the eigenvalue of the following
first-order equation:

d(Ac;)

(EpiKpi +(uy—v)gv]

= — K,[(1+ P8&)v ~ uyl(Ac). (A1D)

Equation A16 and the Taylor expansion give

4v8,Ep K [(1+ P8 v — ug]
+
[EyKj; + (g~ v)8 T
2v8,Ep K [(1+ P8)v — uy)

=1+ —. (Al8)
[Eb,-Kﬁ +(ug—v)8,v]
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(A13)

Let’s examine the validity of Eq. A16. The subscript i is
dropped in the following for simplicity. Note that for the
standing wave designs Eq. 28 is satisfied and can be used to
simplify Eq. A16 to the following:

(&)z)

, : «1.
E, P vé
— + —
K, K,

Note also Eq. 42 is satistied for the standing wave designs.
Therefore, Eq. A20 can be further simplified as

&) ()

= = <1,

E, \(B\> P 01—121 a-1 1?
K, (Z) +Z(1+a2) [_2(1+a2)]

where B/L can be found from Eq. 44 as follows:

g 1 [K|. [, Pa-1?
—<—4/ =2 [VB*+——— -B|, (A2
L 2V E, 2(a?+1) (A22)

where

1 Ffeed
B= .
\ E.K; 2¢,S
The lefthand side (Y) of Eq. A2l is plotted in Figure Al

vs. a for different B values. If (1)a <3 and B2>1, or (2)
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Figure A1. Plot of lefthand side of Eq. A21 vs. a at dif-
ferent B values.

B =2 for all «, Y is less than 0.1 and Eq. A19 can be as-
sumed. The B values can be small only if either E, is large
and/or K, is large. When K, is large (K, > 5 in the example
shown next) the equilibrium solutions (Egs. 36 to 40) can be
used and the assumption in Eq. A7 is not needed. Another

point is that for systems with a small «, Y decreases with
decreasing a. Therefore, Eq. A7 can be assumed for a large
class of systems, especially for those with closely eluting so-
lutes and large mass-transfer resistances. Note that the preced-
ing analysis is valid only for the standing waves.

An example is shown for a system with the following pa-
rameters: B'=0.07635, B" =0.07299, K[=K/'=5, E}=
1.2224, E;' =1.1171 v =1.71233, §,=0.56, 8, =0.69, u} =
3.1071, ull =2.8420, P =1.2222. The eigenvalues from Eq.
A13 for solute 2 (standing in zone I) are found to be r, =
5.40279 and r_ = —0.03158; for solute 1 (standing in zone II)
r, =625711 and r_= —0.03157. From Eq. Al7 r_=
—0.03176 for solute 2 in zone I and r_ = —0.03173 for solute
1 in zone II. Note that although B'=0.07635 and B"=
0.07299, which are small values, the differences between the
solutions from Eq. A13 and AlS5 are very small. Thus, be-
cause a = 1231 is small, the solution from Eq. 17 is still a
good approximation of the solution of Eq. A11. These results

are obtained with Y!=0.08856. In general, when Y is less
than 0.1 the solutions of Eq. Al7 are close to those of Eq.
All.
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